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BOUNDARY FUNCTIONS 


By Theodore John Kac&jmski 

Let H denote the set of all points in the Euclidean plane 
having positive y~coord±nate. and let X denote the x-axLs, If 
p is a point of X, then by an arc at p we mean a single arc 
Y • having one endpoint at p, such that Y-£p] Q H. Let f 
be a function mapping H into the Riemann sphere. By a 
boundary function for f we mean a function. <-p defined on a 
set E 9 X such that for each p £ E there exists an arc Y 
at p for which 

lim f(*) a (p). 

i ~^p 

8 6 Y 

The set of ourvilinear convergence of f is the largest set on 
which a boundary function for f can be defined; in other words, 
it is the set of all points p € X such that there exists an 
are at p along which f approaches a limit, A theorem of J. E. 
McMillan states that if f is a continuous function mapping H 
into the Rieaann sphere, then the set of curvilinear convergence 
of f is of type . In the first of the two chapters of 

this dissertation we give a more direct proof of this result than 
McMillan's, and we prove, conversely, that if A is a set of 
type in X, then there exists a bounded continuous 

complex-valued function in H having A as its set of curvi- 
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Hwtr convergence. Next, w* prove that a boundary funotion for 
a contlnuoua function oan always be nads into u funotion of 
Balra class 1 by changing its values on a countable set of 
points. Conversely. we show that if 9 is a function napping a 
set E C x into the Bieaann sphere, and if tp oan be made 
into a funotion of Baire class 1 by changing its values on a 
countable set, then there exists a continuous function in H 
having cp as a boundary funotion., (This is s slight general* 
isation of a theorem of Bagsmlhl and Firanlan.) In the second 
gjuptsi* vc prove that a boundary function for a funotion of 
Baire class ^ > 1 in H is of Baire class st most ?*i. It 
follows from this that a boundary function for a Borel-rasaaur- 
able function is always Borel-mcasurable, but ws show that a 
bou ndar y funotion for a Lsbssgue-msasurable function need not 
be Labesgue-asasurable* The dissertation concludes with a list 
of problems remaining to be solved. 
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INTRODUCTION 
1. Preliminary Remarks 

Let H denote the upper half-plane, and let X denote its 
frontier, the x-axis. If x£X, then by an arc at x we mean a simple 

i 

arc y with one endpoint at x such that y - {x} H. Suppose that £ 

is a function mapping H into some metric space Y. If E is any subset 

1 

of X, we will say that a function <p:E -* Y is a boundary function for 
f if, and only if, for each x€E there exists an arc Y at x such that 

lim f(z) = vp (x) • 
z -*■ x 

z € y 

The study of boundary functions in this degree of generality was 
initiated by Bagemihl and Piranfan [2]. A function defined in H may 
have more than one boundary function defined on a given set E S X, 
but it follows from a famous theorem of Bagemihl [1] that any two 
such boundary functions differ on at most a countable set of points. 

If f is defined in H, then the set of curvilinear convergence 
of f is the set of all points x£ X such that there exists some arc 
at: x along which f approaches a limit.. Evidently, this is the 
largest set on which a boundary function for f can be defined. 

J. E. McMillan [10] discovered that the set of curvilinear convergence 
of a continuous function is always of type and in this paper we 

show that every set of type F ^ in X is the set of curvilinear 

1 
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convergence of some continuous function. Next, we show that if <p is 
a function defined on a subset E of X, then ip is a boundary function 
for some continuous function if and only if <p can be made into a 
function of the first Baire class by changing its values on at most 
a countable set of points. (This solves a problem of Bagemihl and 
Piranian [2, Problem 1].) We then consider functions that are not 
assumed to be continuous, and we prove that a boundary function for 
a function of Baire class £ >_ 1 is of Baire class at most £ + 1 (thus 
proving another conjecture of Bagemihl and Piranian [2]). It follows 
from this that a boundary function for a Borel-measurable function 

i 

is always Borel-measurable, and in the last section we show that a 
boundary function for a Lebesgue-measurable function need not be 
Lebesgue-measurable. 

.! 

Most of the results appearing here have already been published 
([8] and [9]), At the time I published these papers I did not expect 
to have to make use of this material for a dissertation. 

2. Notation 

R will denote the field of real numbers. 

R n will denote n-dimensional Euclidean space. 

Points in R n will be written in the form^Xp..., x n ^ rather 
than (Xp..., x n ) (to avoid confusion with open intervals of real 
numbers in the case n = 2). 

If v€R n , then |v| denotes the length of the vector v. 

2 *3 o 

S denotes {v€R : |v| = 1}. S will be referred to as the 

Riemann sphere . 
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Let 

H = '. { <x,y> £ R 2 : y > 0> 

H n = { <x,y>£R 2 : I > y > 0} 
X = { <x,0> : x€R> 



We consider X as being identical with R, Thus, for example, 

<x,0> < <x',0> means x <_ x', and for p, q € X, the notations 
[p,q], [p,q), etc, refer to the obvious intervals on X. 

If E is a subset of a topological space, then IT denotes the 

i * 

* 

closure of E, E denotes the interior of E, and E’ denotes the 

* 

complement of E. Of course, if E is a subset of X, then E means the 

interior of E relative to X, not relative to the whole plane. In 

Section 7, we often denote two line segments by s and s'. Since the 

prime notation is never used for complementation in that section, 

there is no danger of confusing s’ with the complement of s. 

2 

If f is a function defined in a subset of R , then f(x,y) 

2 

means f( <x,y> ), Thus we write f(z) for z£R and f(x,y) for x,y€R 
interchangeably. 1 1 

3. Baire Functions 

In this section we review the main facts concerning Borel 
sets and Baire functions, and we prove some results that will be 
needed later. 

If C is any family of sets, let be the family of all sets 
that can be written as a countable intersection of members of C, and 
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let be the family of all sets that can be written as a countable 
union of members of C. 

Suppose M is a metrizable topological space. Let P^M) be 
the f ami ly of all open subsets of M and let Q 1 (M) be the family of 
all closed subsets of M. If $ is an ordinal number greater than 1, 
let 

p c cm) = cUq"w ) 0 

n<5 

CM) = (U pT 1 C M )) 6 - 

n<S 

For any ?, Q C (M) <=> E> 6 P 5 (M) . 

For any subset L of M. E€ P^(L) (respectively Q^(L)) if and 

1 E E 

only if there exists a set D€ P^M) (respectively Q (M)) such that 

E = D A L. 

P^(M) and Q^(M) are closed under finite unions and finite 
intersections. P^(M) is closed under countable unions and Q^(M) is 
closed tinder countable intersections. 

If t)<E, then P n (M) KJ Q n (M) ^ P C (M 1 ) A Q 5 (M). 

Let F o (M) be the class of all sets of M, and let G^(M) be 
the class of all sets of M. 

P 2 (M) = F (K) and Q 2 (M) ' = G g (M). 

Let Y be a metric space. For any family C of subsets of M 
we will say that a function f : M -> Y is of class (C) if and only if 
f _1 ( U)€ C for every open set u — Y. 

The following definition of the Baire classes is somewhat 
different from the classical definition, but it seems more,convenient 
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for our purposes. A function f : M -*• Y is said to be of Baire class 
0(M, Y) if and only if it is continuous. If £ is an ordinal number 
greater than or equal to 1, then f is said to be of Baire class 

00 

£(M, y) if and only if there exists a sequence of functions {f } ^ 

mapping M into Y, f being of Baire class n n (M,Y) for some n n < £> 
such that f ■* f pointwise. 

If f : M -*• Y is of Baire class .£(M, Y) and if L is a subset 
of M, then f| L is o‘f Baire class 5(L, Y) . 

If K is a metric space, if g : K M is continuous, and if • 
f : M -* Y is of Baire class £(M, Y),'then the composite function fog 
is of Baire class £(K, Y). 

If Y is separable and if f : M -* Y is of Baire class ?(M, Y), 
then f is of class (P^ + *(M)) [4, page 294]. 

If Y is separable and arcwise connected, if S ^ 1, and if 

f : M -> Y is of class (P^ + *(M)), then f is of Baire class £(M, Y) [4]. 

For any g, if f : M •> R is of class then f is of 

Baire class £(M, R) [6]. 

If L^Q^ + *(M) and f:L -* R is of Baire class 5(L, R), then f 
can be extended to a function f : M + R of Baire class £(M, R) [6]. 

We say that a function f : M -+ R is Borel measurable if, and 
only if, for every open set u£r, f~*(U) is a-member of the o-ring 
of subsets of M generated by the open sets. 

If f : M •* R is of some Baire class 5(M, *0, then f is Borel- 
measurable, and, conversely, if f : M -*■ R is Borel-measurable, then 
f is of Baire class £(M, R) for some countable ordinal number 5 
[7, page 294]. 


i 
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The proofs of Lemmas 1 through 6 are based on standard 
techniques in the study of Baire functions. 

Lemma 1. Let M be a metric space, and let E and F be two F a sets in 
M. Then there exist two disjoint F^ sets A and B Q. M such that 

E - F 9 A and F - E <~ B. 

00 oo 

Proof. Let E = E n and F = U F n J where E^ and F n are closed. 
Then 

E , F £ F (M) A G. (M) . 
n* n ^ o <5 

It is easy to check that F^CM) A6j(M) is an algebra (i.e., is closed 
under complementation, finite unions, and finite intersections). We 
inductively define a sequence of pairs of sets (A n , B^) as follows. 


For n > 1, let 


A>i = , 1 = ^1 ^ A i * 


A n = E n^Q B j • B n = F n^Q A j- 

D J 


By induction, A^, B n € F^(M) A G^(M). Let 


A ■ U 

n=l n=l 


Then A and B are F sets. Notice that 

0 


n-1 l n l 

B. C f and A. $ E , 

j=i 3 j-i 3 


from which it follows that 


n-1 , 

\ = E A(U B ') 2 E OF' , 

n n ' 1 v V* r n 

1=1 
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and 


Therefore 


and 


n 


„ ■ VJ V’ 2 P n r,E- . 
1 = 1 J 


A = 1J (E n A F') = E - F 

n=l 


B - U C F n AE’) = F - E. 
n=l 

It only remains to show that AAB = <j>. Suppose xfi AAB, Choose 
£, m with x € A, and x € B If £ > m, then £ > 1, so that 

Xj III 


\ - E 


-£-l 

B! c B' . 
£ 1 ' • . J i — m 
1=1 


Hence x <£ B’ —a contradiction. On the other hand, if £ < m, then 
m 


B = F 
m m 


m 

A j £ A i * 

1=1 


so that x A^ —another contradiction. We conclude that A r\ B = <)>. 

If E is a subset of a space M, we let Xg denote the charac¬ 
teristic function of E. 


Lemma 2. Let L be a subset of a metric space M, and suppose that 

00 

E g, F a (L) ri G^CL). Then there exists a sequence {f n ) n _^ of continuous 
real-valued functions on M such that f x B pointwise on L. 

Proof. Both E and L - E are in F o (L), so there exist sets E^ 

£ F^CM) such that 

E = E,A L _ and L - E = F. n L. 

1 -’*■ 1 

By Lemma 1, there exist A, B € F^(M) such that AAB = f and 
- F^ ^ A, F^ - E^ C B. We have 
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E = AA L and L - E = B n L. 

00 00 

Write A = Uv ,s U. B n , where A n , B r are closed and A n A n+ ]_ > 
n=l n=l 

B^ ® n+ i f° r eac h n. By Urysohn's Lemma there exists a continuous 
function £ : M [0,1] such that 


f (x) = 1 when x £ A 

n v ' ■ w n 

f (x) = 0 when x £ B . 

n n 

{£ } °°, is the desired sequence.® 
n n=l 


Lemma 3. Let L be a subset of a metric space M, f : L R a function 

of class (F^CL)] that takes only finitely many different values. 

■ °° 

Then there exists a sequence {f } n _^ of continuous real-valued 
functions on M such that f -*■ f pointwise on L. 

Proof. From Banach’s Hilfssatz 3 [4], we see that there exist real 
numbers a..,..., a and sets 

1 q . 

E,, v .; E £ F (L) riG.(L) 


such that 


f = S a. x E • 

j=l J j 


*1 00 

If we choose for each j a sequence {f n J > n _^ of continuous real-valued 

functions on M such that f -*■ x c pointwise on L, and if we set 

n - n b j 


v n 


2 a. f J , 
j=l J n 


00 

then {f } ^ is the desired sequence. 


Lemma- 4. Let L be a metric space, f a bounded real-valued function 

00 

on L of Baire class 1(L, R) . Then there exists a sequence {f n 3" n _^ 


/ 
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of real-valued functions on L converging uniformly to f, such that 
each f is of class (F 0 (L)) and takes only finitely many different 
values. 

Proof, f is of class (F 0 (L)) and the range of f is totally bounded, 
so an obvious modification of the proof of Banach’s Hilfssatz 4 [4] 
gives the desired result.® 

Lemma 5. Let M be a metric space, L a subset of M, f : L + R a 

/ 

00 

function of Baire class 1(L, R). Then there exists a sequence {f n } n _^ 
of continuous real-valued functions on M such that f -> f pointwise 
on L. 


Proof. We first* prove the lemma under the assumption that f is 
bounded. For any bounded real-valued function h, let 

ilhll = sup { |h(x) j : x£ domain of h} . 


By Lemma 4 we can choose, for each n, a function g, : L -*■ R of class 
(F 0 (L)) such that g n takes only finitely many different values and 

W - f ii ± pp Let 

h l = *1 • h n '• - Vl for ” > 

Then, for n > 1, 

# h J = H*n - f + f - Vll + pCT < ^7 V 


Each h n is of class (F 0 (L)) and takes only finitely many different 

■j 00 

values, so by Lemma 3 we can choose (for each_n)_ a sequence {h n J }._^ 

J 

of continuous functions on M such that h ^ •-* h pointwise on L. 

n j n 

Set 
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k n j (x) = - \\ h n l| if hj (x) < - 11 h n l| 

k n j Cx) = Uh n H if h^Cx) > Hh n |l 

k n j W = V 5 Cx) i£ ' II h n ll < V Cx) < H h J * 

Then k^ is continuous, k^ -t h n pointwise on L, and || k^ |J _< || ^ n ll 


,n-2 


Therefore, if we set 


f. = 2 k 3 


n=l 


n 


then the series converges uniformly and f^ is continuous on M. We 
claim that f, •+ f pointwise on L. Take any x £ L and any s > 0. 

I — " 1 

Choose m large enough so that ——j < ^ e. For each n, choose j (n) so 

2 m ' z 

that 


j >icn)^\ 3 cx) -h n w| < -sir f - 


Let i Q = max {j (1),..., j Cm) > . Then j >_ i Q implies that 

m m m 

|f (x) - f(x)| < |f.(x) - 2 k n J Cx)| + I 2 k n 3 (x) - 2 h n (x) 

J J n=l n=l n=l 


m 


+ | 2 h n (x) - f Cx) | 


n=l 


m 


w • in • . 

1 £ II ^ II + 1 I^OO " h n (x)| + II S m " f II 

n=m+l n=l 


i m , , 

< __L_ + ( e — Xr ) t + — 4. 3 \ = e. 

~ 2 m ' 2 n=l 2 n+1 3 2 m 5 


Thus f. (x) ->■' f Cx) for each x € L, and the lemma is proved for bounded 

J j 

f. — - 

/ 

If f is not bounded, let 
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g(x) = arctan f(x) (x L) . * 

Then - j < g(x) < j for every x L, and g is of Baire class 1(L, R) , 

* • co 

so there exists a sequence {g^ of continuous functions on M 
converging to g pointwise on L. Set 


h n« 

= - 1 +1 

2 n 

if 

8nCx) i 

- 

TT 1 

2 + n 

h n (x) 

IT 1 

2 ~ n 

if 

«n (x) * 

TT 

2 

I 

n 

h n (x) 

■ *nW 

if 

- 1. I 

2 n 

< 

, ^ TT 1 

Sn CxJ I " n 


Then h^ is continuous on M, - y < h n (x) < \> and h^ g pointwise on 

L. Let f (x) = tan h fx) • Then f is continuous on M and f f 
n n n n 

pointwise on L.l ' 


Lemma 6. If L is a subset of a metric space M and f : L + R m is a 
function, then the following are equivalent. 

(i) f- is of Baire class 1(L, R m ). 

(ii) f is of class (F^CL)). 

(iii) There exists a sequence {f °f continuous functions 
mapping M into R m such that f -»■ f pointwise on L. 

This lemma is an easy consequence of Lemma 5. 


Definition. Let q be any point of R lying inside the bounded open 

2 3 2 

domain determined by S . By the q- projection of R - {q} onto S we 

mean the function P defined as follows. If a is any point of 
3 

R - {q>, let Jl be the unique ray, having its endpoint at q, that 

passes through a, and let P^Ca) be the intersection point of l with 

2 3 2 

S . P is a continuous mapping of R {q} onto S that fixes every 
R 

point of S 2 . 
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Theorem 1. Let L be an arbitrary subset of R . Then a function 
f : L + S 2 is of Baire class 1(L, S 2 ) if and only if it is of class 
CF a (L)3. 

Proof. Assume that f : L -*• S 2 is of class (F^(L)]. S 5 R so by 
Lemma 6 there exists a sequence {f } , of continuous functions mapping 

R 2 into R 3 such that f f -*■ f pointwise on L. Let 

A = f _1 ( (v € R 3 : |v| = y} )' 

n n * 

B = f " 1 ( {v 6 R 3 : |v| < y} ) 

n n — * 

* 

' C = f " 1 C iv £ R 3 : |v| > y} ). 

Let f ° = f I, . According to [5, Lemma 2.9, page 299], f 0 can be 
n n 1 A„ 11 

n _ 2 3 i i T 

extended to a continuous function g n : R ■* (v €. R : |v| = y). 

Define h : R 2 R 3 - {0} by setting 

n _ i 


h n (x) = g n (x) 


if x € B 


n 


h n (x) = f n (x) 


if x € C 


n 


Since B , C are closed, h is continuous, and it is easy to verify 
n’ n n 

A 2 

that h (x] ■* f(x) for each x € L. Let k n : R^ ■+ S be the composite 

function P © h . Then is continuous, and for each x €. L, 

2 

k n (x) P (f(x)) = f(x). Thus f is of Baire class 1(L, S )■■ 

Definition. Let M and Y be metric spaces. Then a function f : M -*■ Y 
is said to be of honorary Baire class 2(M, Y) if and only if there 
exists a countable set N^M and a function g : M -* Y of Baire class 
1(M, Y) such that f(x) = g(x) for every x €. M - N. 

2 

Theorem 2. Let L be an arbitrary subset of R and let Y be either 

2 „ 

the real line, a finite-dimensional Euclidean space, or S . Then a 
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function f : L Y is .of honorary Baire class 2(L, Y) if and only if 
there exists a countable set N C L such that f | c ^ ass 

(F a (L-N)). 

Proof. Suppose that f : L ■> Y is of honorary Baire class 2(L, Y). 

Then there exists g : L + Y of Baire class 1(L, Y) and a countable 
set N £ L such that fj L _ N = gt L _ N - But g|^_ N is of class CF a CL - N)). 

Conversely, suppose that f| L _ N is of class (F o (L - N)), where 
N is countable. We must show that f is of honorary Baire class 
2(L, Y). First consider the case where Y = R m . Write 

f(x) = <f 1 (x), f 2 (x), ..., f m (x)> . 

Then f i | L _^ is of class (F a CL - N)) (i=l,..., m), and it follows that 

fJ L is of Baire class 1(L - n/r) . Since L - NgG § (L) 1 we can 

extend f^l^ ^ bo a function : L -*■ R of Baire class 1(L, R). If we 

set g(x) = <[g 1 (x),..., gjjjCx)^ , then g is of Baire class 1(L, R m ) 

and gCx) = fCx) for x £ L - N, so we have the desired result. 

2 2 3 

Now consider the case where Y = S . Since S ^ R , there 

3 

exists, as we have just shown, a function g : L -»■ R of Baire class 

7 2 

1(L, R 0 ) such that g(x) ■= f(x) for all x 6 L - N. Then g(L) - S is 

countable, so there exists some point q in the bounded open domain 

determined by-S 2 such that q* g(L). Let h be the composite function 

2 

P © g. Then h maps L into S , and for each x €L L - N, 

q 

hCx) = P q (gCx)) = P q (f(x)) = f(x). 

2 

If U C s is open, then 

h _1 CU) = . g'Vq" 1 ^)) € F a (L) , 
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so h is of class (F a (L)). By Theorem 1, h is of Baire class 
1(L, S ), so we have the desired result.* 
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CHAPTER I 


BOUNDARY FUNCTIONS FOR CONTINUOUS FUNCTIONS 

If r is a positive number and.if y Q is a point of a metric 
space Y having metric p, then 

S(r, y Q ) denotes {y £ Y : p(y, y ) < r) . 

We will repeatedly make use of Theorem 11.8 on page 119 in 

[11] without making explicit reference to it. This theorem states 

2 2 

that if D is a Jordan domain in R or in R U W, if y is the 
frontier of D, and if a is a cross-cut in D whose endpoints divide y 
into arcs y ^ and y^, then D-a has two components, and the frontiers 
of these components are respectively a u and a u (The term 

cross-cut is defined on page 118 in [11].) 

4. Domain of the Boundary Function 

Definition. If f is a function mapping into a metric space Y, then 

the set of curvilinear convergence of f is defined to be 

{x € X : there exists an arc y at x and there exists y £ Y 

such that 

lim f(z) = y>. 

z ->x 

zgy 

J. E. McMillan [10] proved that for suitable spaces Y, the set 
of curvilinear convergence of a continuous function is always of type 
F ^. We give a more direct proof of this result than McMillan's. 

(This proof can be modified to give a more general result; see [9].) 

15 
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An interval of X will be called nondegenerate if and only if 
it contains more than one point. 

Suppose y is a cross-cut of H. If V is the bounded component 
of H - y, let L(y) = VOX. Then L(y) = [c, d], where c and d are the 
endpoints of y and c < d. Suppose !! is a domain contained in H. Let 
T denote the family of all cross-cuts y of H for which y/>Ht!l, and 
let 

I(ft) = U L(y)*. 

Y er 

Let acc(ft) denote the set of all points on X that are accessible by 
arcs in ft. 

Lemma 7. Assume^ that acc (ft) is nonempty. Let a be the infimum of 
acc (ft) and let b be the supremtun of acc (ft). Then 

I (ft) = (a, b) . 

Proof. Suppose x£l(ft). Let y be a cross-cut of H such that 
Y fv H £ft and x£ L(y)*. L(y) = [c, d], where c and d are the end¬ 
points of y and c < d. It is evident that c and d are in acc (ft), so 
a<_c<x<d<_b, and x €, (a, b). Conversely, suppose x' £ (a, b). 
Then there exist points c’, d' £ acc(ft) with c' < x' < d'. Since ft 
is arcwise connected, it is easy to show that there exists a cross¬ 
cut y' of H, with y'AHS ft, having c 1 , d' as its endpoints. But 
then x' € (c 1 , d') = L(y’) , so x' €. I (ft). ■ 

Lemma 8. If and ft 2 are domains contained in H, and if 
(1) I (ft) ri acc(ftp and I(ft 2 ) A acc(ft 2 ) 


i 
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are.not disjoint, then and & 2 are.not disjoint. 


Proof. We assume that and are disjoint and derive a contradic¬ 
tion. Let a be a point in both of the two sets (1). Let y^ be a 

* 

cross-cut of H, with y.HHS such that a g L(y^j (i = 1, 2). Let 
U. and V. be the components of H - y., where V. is the bounded component. 
Observe that y^A H and y 2 AH are disjoint. 

Suppose y^ A H £ N 2 and y 2 A H Then, since y^ A H $Uj, 

has a point in common with V 2 * But, since is unbounded, Uj 


cannot be contained in V 2 , so must have a point in common with 
y 2 A H. This contradicts the assumption that y 2 A H V^, so we 
conclude that either y^ A H V 2 or y 2 AH^V^. Hence, either 
y 1 A H *= U 2 or y 2 A H £ . By symmetry, we may assume that 

y 2 OH S llj. 


n 2 does not meet 


Yp and fi 2 does meet (because y 2 


ahS 


U., a fi 9 ), SO ft 2 CUj, Since a£acc(C2 2 ), there exists a point 

b € L(y 1 3 such that b € acc(ft 2 ). But then b 6 ^2 ~ U l* and this is 

* 

impossible because the frontier of is disjoint from L(y^) . ■ 


Theorem 3 (J. E. McMillan). Let Y be a complete separable metric 

i 

space and let f : H Y be a continuous function. Then the set of 
curvilinear convergence of f is of type . 

Proof. Let be a countable dense subset'of Y. Let (Q(n, m)} m ”^ 

be a counting of all sets of the form 

1 1 

' { <x, y> : 0 < y < ff and r < t < r + —} 
where r is a rational number. Let’ {U(n, m, k, £,)}“. be a counting 

X/“ J* 

(with repetitions allowed) of the components of 


( 
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f _1 (SG^— p k )) H Q(n, m). 

2 

(We consider $ to be a component of $•) Let 

A(n, m, k, a) = acc[U(n, m, k, . 
Set 


»-nOQO I(UCn, in, k, $,)) r\ A(n, m, k, g,} . 

n=l m=l k=l £=1 

Since I(U(n, m, k, g,)) is open in X it is of type F . It follows that 

B is of type F . Let C denote the set of curvilinear convergence 
o 6 

of f. I claim that B <£c. Take any b £B. For each n, choose m[n], 
k[n], g.[n] with ! 

(2) b € I(U(n, m[n], k[n], s,[n]))nA(n, m[n], k[n], Un]) 

(n = 1, 2, 3,..J. 

For convenience, set U n = U(n, m[n], k[n], U n 3)* By (2) and Lemma 8, 
U and U , have some point z in common. For each n, we can choose 
an arc y n C U n+ ^ with one endpoint at z r and the other at Then 

y n CQ(n+l, m[n+l]). Also, 

b 6 A(n+1, m[n+l], k|n+l], g, [n+1]) C U n+1 £ Q(n+1, m[n+l]), 


and therefore each point of y n has distance less than —j- from b 
2 

n+1 


+ 0 


as n + co; hence, if we set y =' {b} uU y n , then y'is an arc 

n=l 

with one endpoint at b. 


Since U n and U n+1 have a point in common, 

f_ 1 C S ^ Pk[n]» md f ' lcSC ?in> Pk[n +1 ]» 


have a common point, and hence 
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S( 7jP Pkfn] 5 and SC >+1’ P k [n+l] } 

have a common point. Therefore, if p is the metric on Y, then 

, N i i ; i 

, ptp k[n]’ p k[n+l] J 1 2 n + 2 n+l 2 n-l 4 

and therefore 

r , , l 1 1 

p(p k[n]' p k[n+r] ) - p(p k[n+i-l]’ ^[n+i] 3 < 2 n+i-2 < 2 n-2 * 


Thus {p 

p € Y. 


k[n] 
Since 


} is a Cauchy sequence and must' converge to some point 


Y n - U n+1 - f 1(S( ^7T‘ ‘ > k{n*l] )) mi 

P k[n] „ p > 

lim f(z) = p. It is possible that y is not a simple arc, but 
^ z-Fb 

zgy according to [12] we can replace y by a simple arc 

y' Cy, Thus b € C, and.we have shown that B Cc. 

Suppose c € C. Let y Q be an arc at c such that f approaches 
a limit p’ along y q . Take any n. Choose k with p ! S(-^-, p^) • 

Choose m so that c is in the interior of Q(n, m) A X. Then y Q has 
a subarc y ’, with one endpoint at c, such that 


y Q 1 - (c}SQ(n, m) A f_1 ( s Cpp P k ))- 

Hence, for some £, c £ acc[U(n, m, k, £)] = A(n, m, k, 

shows that 


00 oo °o oo 

C <£ \J A(n, m, k. 




n=r m=l k=l 5=1 


»•). 


This 


It is easy to deduce from Lemma 7 that the set 
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/ 


A(n, m, k, £) - I(UCn, m, k, £)) = 

A(n, m, k, Z) - [I(U(n, m, k, Z)) ft A(n, m, k, Z)] 

contains at most two points. It follows by a routine argument that 

nu A(n, m, k, £) - nu. [I(U(n, m, k, £)) n A(n, m, k, A)] 

n m,k,Jl n nijkjZ 


is countable. Since 


f^\ KJ [I(U(n, ra, k, S.)) A A(n, in,' k, IJ] = B^C 
n m,k,Z 


nu 

n m,k,Z 


A(n, m, k, i), 


C - B is countable, and therefore C is of type F g . ■ 

Next we will show that the foregoing theorem is as strong as 
possible, in this sense: if A is any set of type contained in X, 
then there exists a bounded continuous complex-valued function f 
defined in H such that A is the set of curvilinear convergence of f. 
The proof is unfortunately quite long. 


Definition. Let E^ and E 2 be two sets on the real line. A point p 
on the real line will be called a splitting point for E^ and E^ if 
either 

Xj £ p for all £ E^ and P 1. x 2 for a11 x 2 € E 2 

or x 2 — P f° r a -*-* x 2 ^ E 2 311 ^ P £ x i f° r x i € 

We will say that two sets E^ and E2 split , or that E^ splits with E2, 

if and only if there exists a splitting point for E^ and E2. 


00 

Lemma 9. Let E be an F o set in R. Then there is a sequence {E n > n _^ 
of sets such that 
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fi) E is bounded and closed 
v n 

(ii) if n |= m, then either E n and are disjoint or E n and 


E^ split 


oo 

CiiO ' E = E n - 


n=l 


00 

Proof. We can write E = A n where A r is closed, A n C A n+1 for all 

n=l 

n, and = <j>. 

Observe that if I is any open interval, then there exists a 

countable family {J } . of bounded closed intervals such that 

n n=l 

n 1 in J and J split, and I = W J . Since any open set of 
n m n 

real numbers is a countable disjoint union of open intervals, it 
follows that for any open U there exists a countable family 
of bounded closed intervals such that n =j= m I and 1^ split, and 

CO 

U - U In- 

n=l ro 

For each n, let {I.}. , be a family of bounded closed inter- 

J I . » 

vals such that j ^ k I 1 ? and I? split, and A = I.. Eet 

J K 11 j=i J 

IF = {A x > U {Ij r\ A n+1 : n = 1, 2,.j = 1, 2,...}. 

Then F is a countable family of bounded closed sets, and 

E = Q A n = A 1 U Q CA ntl AAy 

n=l n=l 


■ A^OtV^U i") - a x uQ C|c Vl m”) 

= u^. 

/ 9 
Let Fj and F 2 be any two distinct members of F ■ If either or F 2 

is A^ = <f>, then F^ and F 2 are automatically disjoint. If neither 

F 1 nor F 2 is A^, then we can write 
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T n (l) 

j Cl) 


n A n(.l)+1. r Ji 2 


n(2) 

j (2) 


r\ a 


n(2)+l* 


If n(l) < n(2), then n(l) + 1 ^ n(2),,so 

F 2 = I j(2)'"' A n(2)+1 — A n(2) — A nU)*l> md therefore f l ^ P 2 are 

disjoint. A similar argument shows that if n(2) < n(l), then F.^ and 

F 2 are disjoint. Thus, if F^ arid F 2 are not disjoint, then n(l) = 

n(2) and we have 




a net F 2 - : j(;2) nA n+ i> 


where n = n(l) = n(2). But then j (1) =j= j C2), so I 1 ? r , ^ and I 1 ? r9 - 1 

1 3 (-U J 

split, and therefore and F 2 split. So we have shown that any two 

distinct members of p either split or are disjoint. 

If F has infinitely many distinct members, let E^, E 2 , Ej... 

be a counting of p . If F has only finitely many distinct members, 

let E,,..., E be the members of F and let E, = * for k > m. In 
1 m k T 

either case, {E n > n “^ is the desired sequence. ■ 

If F is a closed subset of the real line, then by a comple¬ 
mentary interval of F we mean a component of F'. (If F = R, then ^ 
is considered to be a complementary interval of F.) 

Definition. By a special family we mean a family F of subsets of R 
such that 


(3) F is nonempty 

(4) each member of (p is bounded and closed 

(5) there exists a sequence {F n ) n !! 1 of members of p such that 
every member of F is equal to some F , and the following condition 
is satisfied. 

(5a) If m > n, then either F^ is contained in one of the complementary 
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intervals of F , or else F m splits with F . 

n’ m r n 

Lemma 10. If E is an F^ set in R, then there exists a special family 
•QZ such that E = U^. 

oo 

Proof. By Lemma 9 we can choose a sequence {E n > n _j.of bounded closed 

sets such that if n I m then E and E either split or are disjoint, 

1 n m 

CO 

and E = E . 
n=l 

Let n. = 1 and let = E^. Now suppose that n^, n 2 ,..., n g 

are chosen and F., F 0 ,..., F are chosen so that 
12 n 

s 

(i) 1 = n x < n 2 < ... < n g 

(ii) F. is closed and bounded (i = 1,..., n) 

1 5 

fiii) ifn >r>t>l, then either F is contained in one of 
s — — r 

the complementary intervals of F , or else F^ splits with F^ 

(iv) if 1 <_ i i n s > then there exists j €.{1,..., s} such 

that F. ?* E. 
i 3 

(v) 

We construct F F as follows. Let ^ be the family of 

n s +i n s+l 

complementary intervals of the bounded closed set 



We assert that E s+ ^ meets at most finitely many members of %jl. If this 

CO 

assertion is false, then there exists an infinite sequence {I n > n _^ of 
members of such that n 4 m implies i n I m = <f>, and there exists 

' co 

(for each m) a point x € I HE {x} .is a bounded sequence, 

r m m s+1 m m=l ^ 

1 I co 

and n ± m implies that x„ * x . From this it follows that {x } . 

1 r n ' m m m=l 

has either a strictly increasing or a strictly decreasing convergent 



I 


produced with permission of the copyright owner. Further reproduction prohibited without permission. 



24 



subsequence. We will assume that is a strictly increasing 

convergent subsequence; the reasoning is similar in the case of a 
strictly decreasing convergent subsequence. Say 1^^ = (a^ b^). 

Then *k ' x m (k) •= V 50 since x m(k) ‘ x m(k+l) < b k + l md 

X m(k)£ *m(k+l) we “ 5t have x m(k) i Vi < x m(k*l)' Therefor6 ’ if 

we let l 


~ _ lim 

“ k-x° x m(k) * 


then x = also. Moreover, for k >_ 2, a,, is a finite real 

s K 

number, so that a, € l ) E.. Therefore there exists u s} 

K i^i 1 5 

such that a^€ for infinitely many values of k. Consequently 
x € E u . But since x m(k) e E s+1 , J 6 E s+1 also. But then x £ E u rv E s+1 . 
so that E u and E s+1 must split and x must be a splitting point for 
E u l< ^ E s+r Since infinitely many a^ lie in E^, E y contains points 
that are less than x; and E g+ ^ also contains points less than 3c"; 
therefore E^ and cannot split, and we have a contradiction. This 
proves the assertion. Lei: 


•*$ = {<!>} U{In E g+ ^ : leS' and I n E g+ ^ ^ (f>}. 

Let n <i+i e< 4 u al n plus the number of members of ■%. Let F _ 

sfj. s ~ n s +l* 

F n , be a11 the members Of $. We must show that conditions fi) 

S+i 

through (v) are still satisfied when s is replaced by s+1. Conditions 
(i), C.ii) f and (iv) are obvious. The verification of (iii) is divided 
into three parts. Suppose n g+ ^ ■> r > t > 1. 

se I. Assume that n g >_ r > t >_ 1, In this case we already know 
t t either is contained in one of the complementary intervals of 
F or else F splits with F , 


Droduced with permission of the copyright owner. Further reproduction prohibited without permission. 



25 - 


Case II. Assume that n g+1 ^.r > n g >_t>_l. There exists v £ {l,...,s} 
such that ^ E^. Either E^ and E g+ j are disjoint or they split. 

Case Ila. Assume E y and E g+ ^ are disjoint. Either F r = <j> (in which 
case is certainly contained in a complementary interval of F t ) or 
else F^ ^ ^ and F^ = I n E g+ j for some I € kQ. Let J be the smallest 

« * ^ f 

closed interval containing F . Then J £ I and J £ I C (M e.) t so 

r • i 1 

* 1=1 

that J does not meet E . The endpoints of J lie in F <= E ,, so 

v r r s+1’ 

neither endpoint of J lies in E v> So J does not meet E^ and therefore 
J does not meet F • from which it follows that F is contained in a 

L. 3? 

complementary interval of F . 

- • t* 

Case lib. Assume that E„ and E . split. Since F. ^ E and F £ E 

v s+l r t v r s+1 

it follows that F^ and F split. 

t T 


Case III. Assume that n.>r>t>n. If either F or F is 4. 

s+i — 1 s r t 7 

it is clear that F is contained in a complementary interval of F . 

A V 

Otherwise, there exist I,, such that I. /> L M and 

j. *- I z 

F r = r i AE s+l ^ F t = h AE s+r 
Since Ij and 1 2 evidently split, F^ and F t must split. 


Thus condition (iii) is verified. 
As for (v), it is clear that 
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, s+1. n c ^s+l ne+i 

Hence = CU F.) U C (, ) V.) = , 1^7 F.. 

i=l. 1 . 3=1. 3 3^1 3 j=l 3 

CO 

,... Thus we have shown that we can construct sequences {n^}^_^, 
in such a way that conditions (i) through. (v) are satisfied 
for every value of s. If we setup's {F^ : k = 1, 2, ...}, it is easy 

to verify thatis a special family and that E = Uf-« 

Definition. If-J^ and ^2 are two families of sets, let 

~ ^ F 1 ° F 2 : F l € 211(1 F 2 6 ^2 }< 

Lemma 11. If^and^pare two special families, then-pAis a 
special family. 

Proof. Conditions (3) and (4) in the definition of a special family 

axe clearly satisfied, so we just have to verify (5). 

Arrange all pairs of positive integers in a sequence 
according to the scheme shown in Figure 1. Let (a(k), b(k)) be the 
kth term of the sequence 1- (k = 1, 2, ...). Observe that k < % if and 

1. 

The reader may find it amusing'to derive the following 
formulas for (a(k), b(k)). For real t, let [[t]] denote the largest 
integer that is strictly less than t. Then 

a(k) = l{[[ iggT * l ]] 2 + [[ /SEIT* Ij j) . k + x 
= i-C[[/SkTT]] + | - i-(.i)tt' , 8^1j] K[[> ^ T]] + 1 _ l ( . 1) [[-'8k+lji ) _ k +1 

J,, 

t ^-([ [v / 8ic+Tl ] + 2) [[/8k+l]] - k + 1 if [ [/8k+l] ] is even, 

and 
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2g 

only if either a(k) + b(k) < a (A) + b(£) or else a(k) + b(k) = a (5.) + 
b(£) and b(k) < b(£). Thus k < £ implies that either a(k) < a(£) or 
b(k) < b(£) . 

Let {F > n ^ be a sequence of elements of such that every 

member of (pis equal to some F^ and such that condition (5a) in the 

* v - 00 

definition of a special family is satisfied. Let {F n ) n _^ lae a 
similar sequence for (p. Set 

F k = F a(k) n F b (k) ’ 

Then is a sequence in such that every member of (Fa f 

A 

is equal to some F, . We must show that condition (5a) is satisfied. 
Suppose that £ > k. Two cases occur. 


Case I. a(k) < a(£). 

A A 

Note that F^^ F a (k) and F A £ F a(£) * Either F a (£) is contained in 

A 

one of the complementary intervals of F a ^-j ( an which case F^ is 

A 

contained in a complementary interval of F^), or else F & ^ and F a ^^ 

#\ A 

split (in which case F^ and F^ split). 


Case II. b(k) < b(£). 

In this case a similar argument shows that either F. is contained in 


b(k) = -]] - [[ ^HEp-i] ] 2 ) * k 

= 4([ [ >®?ri] +1 - i { . 1) [['^T|] K[ [^ FfT] ] . |. |(- 1 )[[’ /8k+ iJ!) 

~([[>/8k+l]] + 1) ([[v^Sk+1]] - 1) + k if [ [v'8k+l] ] is odd 

= < 

^ — [[/8k+l]]([|V8k+l]3 - 2) + k if [[V8k+i]] is even. 
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A A A 

a complementary interval of F^ or F^ and F^ split. Thus condition 
(5a) is satisfied, and-^Ad^is a special family. ■ 


Lemma 12. Let E., E„ be two F , sets in R such that E. C E_, and 
12 0 1 z 

suppose that ^ and are special families such that E^ - U^i and 

b 2 ■ Ur 2 . Then = U (fi a r 2 ) ■ 

The proof is obvious. 

Next we introduce some notation. 

Let J be a nonempty interval on X with endpoints a, b (a £ b). 

By Trap (J, e, 0)(where 6 € (0, j) and e > 0) we mean the interior 

of the trapezoid shown in Figure 2. That is, 

Trap (J, e, 0) = { <x, y> : 0 < y < e, a + y ctn 9 < x < b - y ctn 0} 

For 9€!(0, j), let Tri (J, 0) be the closed triangular area shown in 
Figure 3. That is, 

Tri (J, 9) = { <x, y> : y > 0 and a + y ctn 9 <_ x £ b - y ctn 0}. 

If x 6 X, e > 0, and 0 €. (0, y), let S(x , e, 9) denote the open 

Stolz angle shown in Figure 4. That is, 

S(x Q , e, 0) = ( <x, y> : 0 < y < e, 

x + y ctn (it - 0) < x < x + y ctn 0). 

O 0 

If K is a closed set on a real line, let J(K) be the smallest 
closed interval containing K. If K is bounded, closed, and nonempty, 
e > 0, and 0 < 3 < a < j, then we define 

B(K, e, a, 6) = Trap (J(K), e, a) - U Tri (I, B), 

I€*£ 

where denotes the set of complementary intervals of K. 
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Figure 2,--Trap(J,£ ,9) 
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Figure 4.—S(x 0 ,£ , & 5 
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We state without proof the following.readily verifiable facts, 

(6) B(K, e, a, 8) is an open subset of H. 

(7) S(e, e, 6) is an open subset of H. 

(8) If and K 2 split, then for any e 2 , a, 8, 

BCKj, e v a, 8) and B(K 2 , e 2 , a, 8) 
are disjoint. 

C9) Suppose that Kj.C K, e > e x > 0, and 0 < 8 < 8 X < Oj < a < j. 

Then 

B(K 1 , a v 8 X ) A H C b(K, e, a, 8). 

(10) Suppose is contained in one of the complementary intervals 
of K, and suppose e, a, 8 are given. Then there exists 6 > 0 
such that for every n <_ 6, 

B(K, e, a, 8) and BO^, n, a, 8) 
are disjoint. 

(11) Suppose that a < 0 < j and x q $ J(K) . Then, for any e, e^ 

B(K, e, a, 8) and S(x q , 6) 
are disjoint. 

(12, Suppose that x € K a J(K)* and -B < a < 9 < j. Let e be given. 
Then there exists <S > 0 such that for every q £ <5, 

S(x q) q, 6) A H £ B(K, e, a, 8). 

(13) Suppose that e < e' and 9' < 0. Then 

SRx“ e, =6) H Ss( x q , e’, 9') . 
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(14) Suppose x q 4 K and e, a, g* 9 are given.. Then there exists 
6 > 0 such that for every A 5, 

S(x q , n, 9) and B(K, e, a, g) 
are disjoint. 

(15) If x q ^ x 1 and e, 0 are given, then there exists 6 > 0 such 
that for every n <_ 6, 

S(x o , e, 0) and S(x 1# p, 0) 
are disjoint. 

(16) B(K, e, a, g) n X C K. 

(17) S(x Q , s , 0) rv X =' {x q }. 

Definition. If^pis a special family, let -f 2 be the set of all 
members of 7 that have two or more points. 

Definition. Let ^be a special family, let E be the set of all end¬ 
points of intervals J(F) where F € J*, F ^ <j>, and suppose that 
O<g<ct<0<^-. By a pair of special a, g, 0 functions for we 
mean a pair (e, 6), where e and 6 are positive real-valued functions, 
the domain of e is E, the domain of 6 is J J * 2 , and 

(18) for each p > 0, there exist at most finitely many F€j^ such 
that 5(F) >_ n; 

(19) for each p > 0, there exist at most finitely many e € E such 
that e(e) >_ p; 

(20) if e, e* €. E and e ^ e' , then 

s ( e , £(e), 0) and S(e', e(e'), 0) 


/ 
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are disjoint; 

(21) if F, K ef 2 and F 4 K, then 

B(F, 5(F), a, B) and B(K, 6(K), a, (3) 
are disjoint; 

(22) if e € E and F e-f 2 , then 

S(e, e(e), 6) and B(F, 5(F), a, $) 
are disjoint. 

Lenuna 13. Let (p be a special family and suppose that 0 < '$ < ct < 0 < y. 

Then there exists a pair of special a, 3, 9 functions for^p 

Proof. Let {F } i> e a sequence of members of^of the type referred 

to in condition (5) in the definition of a special family. Let 

^(n) = (F6f 2 : F = F^ for some k <_ n} 

E = set of all endpoints of intervals J(F) for 
F €& F ± <j> 

E(n) = (e € E : e is an endpoint of JCF^) for 
some k £n for which F^ 4 $)• 

If J(F^) has one endpoint e, set e(e) = 1. If J(F^) has two 
endpoints e^, e 2 , then by (15) we can choose cCe^) £ 1 ande(e 2 ) <_ 1 
so that S^, e^), 6) and S(e 2> e(e;,), e ) are disjoint. If , 

set 5(F^) =1. In this case, J(F^) h£s two endpoints e^ and e 2 and 
(by (11)) B(F X , 6^), a, 6), S( e]L , eCe^, 6), and S(e 2 , c(e 2 ), 6) are 
all disjoint. 

Now suppose that e(e) and 5(F) have been defined for all 
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2 

e e E(n) and all F €-!r (n) in such a way that 

(i) if e, e* € E(n) and e f e', then S(e, e(e), 8) and 
Sfe'j^e'), 0) are disjoint; 

(ii) if F, K€?^(n) and F ^ JK, then B(F, 6(F), a, 3) and 
B(K, 6(K), a, 3) are disjoint; 

(iii) if e € E(n) and F€tf 2 (n), then S(e, e(e), 0) and 
B(F, 6(F), a, 3) are disjoint; 

(iv) if e € E(n) and k < n is the least integer for which 
e £ E (k), then e (e) <_ i-; 

(v) if F £ Jr (n) and k < n is the least integer for which 
F €^(k), then 5(F) < p 

We must extend the definitions of e and 6 to E(n+1) and 

2 

(n+l) in such a way that conditions (i) through (v) are still 
satisfied when n is replaced by n+l. 

2 

Case I. If F n+1 = <f> or if F n+1 = F^ for some k _< n, then f (n+l) = 
^(n) and E(n+1) = E(n), so that nothing is required to be done. 


Case II. If F n+ ^ consists of a single point e and if e € F^ for some 
k <_ n, then (since F n+1 and F^ must split in this case) e is an 
endpoint of J(F^), so that again "T 2 (n+l) =jF 2 (n) and E(n+1) = E(n), 
and nothing is required to be done. 


Case III. Suppose that F n+ ^ consists of a single point e Q and that 
for each k < n, e ^ F. . By (14), (15), and the fact that E(n) and 
3 s2 00 are finite, we can choose s(e Q ) (0, ~y) so that S(e Q , e(e Q ), 9) 
is disjoint from S(e, e(e), 0) and from B(F, 6(F), a, 3) for each 
e e E(n) and each F^^n). The construction is then finished for 
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E (n+1) and F (n+1). 

/ 

Case IV. Suppose that F n+1 contains at least two points and that, for 
each k <_n, F k =}= F ^ For each k < n, either F n+1 splits with or 

else F n+1 is contained in a complementary interval of F^. Since ^(n) 
is finite, (8) and (10) show that we can choose «(F n+1 ) € (0, ^yy) so 
that B(F n+1 , 6(F n+1 ), a > $D is disjoint from B(F, 6(F), a, 8) for each 
F€^(n). 

Say e € E(n). Then e is an endpoint of J(F k ) for some k <_ n, 
so (since F n+1 either splits with F^ or is contained in a complementary 

interval of F^) e ^ J C F n+ p • B y CUD > B ( F n+l 5 5 ^ F n+l^* a ’ ^ 331(1 
S(e, e(e), 0) are disjoint. 

' Let e Q , e Q ' be the endpoints of J ( F n+ iD- 

Case IVa. 'e , e^' £E(n). i 

In this case the construction is already finished. 

Case.IVb. e Q 6 E(n) and e Q ’ ^E(n). 

If e Q ’ £ F^ for some k <_ n, then F^ + ^ splits with F^, so that 
e Q ' must be and endpoint of J(F k ) --which contradicts the assumption 
that e ’ E(n) . Hence, for each k n, e Q ' £ F^. By (14), (15), 
and the fact that E(n) and^(n) are finite, we can choose 
e(e 0 'D (0, ^—-) so that S(e Q ’, e(e Q '), 9) is disjoint from 
S(e, e(e), 9) and from B(F, 6(F), a, 3) for each e€ E(n) and each 
F€^(n). By (11), Sfe^, e(e o »), e) and B(F n+1 , 6(F n+1 ), a, 8) are 

disjoint. Thus the construction is finished for E(n+1) and J^Cn+l). 

/ 

Case IVc. e Q ^ E(n) and e Q * £ E(n). 

This case is essentially the same as Case IVb. 


/ 


)roduced with permission of the copyright owner. Further reproduction prohibited without permission. 



38 


Case IVd. e Q £ E(n) and e Q ' E(n). ( 

.If e 6 F k for some k < n, then F^j-splits with F k , so 
e Q is an endpoint of J(F k ); a contradiction. Thus e Q £ F k for k ^ n, 
and similarly e ’ F k for k <^n. Therefore, by (14) and (15), we can 
choose e(e Q ) and e(e o ’) € (0, ~y) so that S(e Q , £(e Q ), 6) and 
S(e o ’, e(e o ’), 6) are disjoint and each of S(e Q , e(e Q ), 0) and 
S(e Q ', a(e o , ) J e ) is disjoint from every S(e, e(e), 0) (e € E(n)) and 
“ from every B(F, 5(F), a, 8) (F €. J J**‘ (n)). By (11), S(e Q , e(e Q ), 9) aud 
S(e o ', e(e o '), 0) are each disjoint from B (F n+1 , 6 ^ F n+l^ a ’ so the 
construction is finished for E(n+1) andy 5 (n+1) . 

We have shown that we can inductively define e(e) for every 
e € E and 5(F) for every F € J* 2 in such a way that (i) through (v) 
are satisfied for every value of n. Conditions (20), (21) and (22) in 
the definition of a pair of a, (3, 0 special functions are thus auto¬ 
matically satisfied by (e, 5). We must verify that (18) and (19) are 
also satisfied. 

Suppose (19) is false. Then there exists ti > 0 and there 
exists an infinite sequence {e k > k _^ of distinct members of E such that 
e(e k ) jl n for every k. Let m(k) be the least integer for which e k is 
an endpoint of J (F ra ( k -))- Each J(F m ) has at most tV}0 en< 3points, so, 
since the e k are all distinct, there exists (for given m) at most two 
values of k for which m(k) = m. Therefore there exist infinitely 

many distinct integers among m(l), m(2), m(3), .... Consequently 

1 1 
there exists j with < n • But, by (iv) , s (e^) <_ < n, a 

contradiction. So (19) must be true. A similar argument shows that 

(18) is true. ■ 
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Lemma 14. Let !F be a special family, 0 < 0 <a < 0 < j, and let E be 
the set of all endpoints of intervals J(F) for F €. 1 p. Suppose (e, 6) 
is a pair of special a, 0, ©functions for Jp! If e^, 6^ are two real- 
valued fimctions having domains E and^f respectively, and.if 

0 < e^e) !. e ( e ) for a H e £E, and 

0 < S^F) 16 (F) for all Fff 2 , 

then (e 1 , 6^) is a pair of special a, 0, 6 functions fox{p. 

Proof. This follows from the fact that 

S(x q3 e', 0) ^S(x o , e», 0) ' 

and B(K, e', a, 0) CB(K, e", a, 0) 

1 whenever s' £ e". | 


Theorem 4. Let A be any set of type.F ^ in X. Then there exists a 

. bounded continuous complex-valued function f defined in H such that A 

is the set of curvilinear convergence of f. 1 

00 

Proof. We can write A = (] A . where each k is of type F^ and 

* J n n a 

n=l 

A p+ ^^A n for every n. For each n, let be a special family with 


IX ■ V Let 


#i - n 


= 


n J n+1 


for n > 1. 


A 

By Lemmas 11 and 12, together with mathematical induction,-^ is a 
special family and Un = A r . Moreover, every member ofj^^ is a 

A 

subset of some member of^. 

Let {0 } ! be a strictly ascending sequence in (0, |-) 
converging to 
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Let ^ n ^ n -i be a strictly descending sequence in (jp -jp) 
converging to 

oo 7T 3 tT 

Let {e^ be a strictly ascending sequence in (]~, -g—-) 

* 3tt 

converging to -g—. 

Let E be the set o£ all endpoints of intervals J(F) for 
n 

Let (e( 1, 0, 6(1, 0) be any pair of special o^, 8p 6 n 

A 

functions for 

Now suppose that for each k < n we have chosen a pair of 

A 

special a^, 6^, 6 k functions (e(k,-), <5(k,-)) for in such a way 
that 

A 2 

(i) whenever 1 < k < n - 1, e £ Vi- F , and 

e £ F A J (F) , then 


S(e, e(k+l, e), 0 k+1 ) AHC B (F, 6(k, F), a R , 8 k ); 

(ii) whenever 1 1 k < n - 1, e € E R+1 , and e € E k , then 
S(e, e(k+l, e), nH Cs(e, e(k, e), 0 k ); 

(iii) whenever 1 <k <n - 1, K£-y^ +1 , K — F, then 

B(K, 5(k+l, K), a k+1 , y'AHCB(F, 6(k, F), a. R , 0 k ). 

Then we construct (e(n+l,-)» 6(n+l,*)) as follows. Let 

» 

- A 

(e, 6) be any pair of special a jp 8 9 n+ ^ functions for'JJF^, If 

*. 2 * 

e € E n+ ^ - E n> then for some unique F & T n > e£Fnj(F) , so by (12) 
we can choose £(e) >0 such that r\ <_ ?(e) implies 


S'C'eV n, e n+1 ) A H C B (F, 5(n, F), « n , 8 n ) . 

We set e(n+l, e) = min U(e), 5(e)). On the other hand, if e € E^ +1 A E n , 


/ 
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then we set e(n+l, e) = rain {£(e), y e(n, e)}. 

If F€'^ 2 u then there exists a unique with F £ K. 

* n+1 11 

Set 

6(n+1, F) = min {6(F), ~ 6(n, -K)}. 

By Lemma 14, (e'(n+l,*), 6(n+l,-)) is a pair of special <x n+1 , 

A 

^n+l J ®n+l ^ unct ^ ons for;JF^ + i, by (13) and (9), conditions (i), 

(ii) , and (iii) are still satisfied when n is replaced by n+1. Thus 
we can inductively construct a pair (e(n,*)> 5(n,*)) of special a , 

A 

3 . 0 functions for {P in such a way that conditions (i), (ii) and 
n n n 

(iii) are satisfied for every n. 

Let 

u n = I VJ s ( e > £ ( n > e ), e n )l U 

‘- 6 € E n * J - 

[fV^ 5(n > F) ’ a n> Vj ‘ 

Then U n is open. For fixed n, all the various sets S(e, e(n, e), @ n ) 
(e € E ) and B(F, 6(n, F), y (F € are open and pairwise dis¬ 
joint, so that every component of U n is contained in one of the sets 
S(e, e(n, e), @ n ) (e £ E n ) or B(F, 6(n, F), a n , 3 n ) (F6^). It 
therefore follows from (16) and (17) that if SI is any component of U n , 
then 

(23) AX^A . 

From the fact that (e(n,*)» 6(n,0) is a pair of special a n , 

A 

^n* ^ unc bi° ns ^ or together w ibh conditions (18) and (19), it 
follows that 


i i 
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U .HH = [{J S(e, s(n, e) , 6) OH] U 

n e € E 

n . 


[ U, BCF, 4(n, F), V (J nil. 
Consequently, conditions Ci), (ii), (iii), together with the fact 


that 

e £ E , - E e £ F n J(F)* for some F£^, 

n+l n u 


show that U n+1 r» H U n for every n. 

By Urysohn’s Lemma, there exists a continuous function 
g n : H -+ [0, 1] such that 


and 


g (z) = 1 for z £ H - U 
g n (z) = o for z e TT n+1 n H. 


Let g(z) = 1—1 gfz). 1111611 0 < g( z 3 — 311(1 tlie series converges 

n=l 2 n ^ 

uniformly, so g is continuous on H. 

If z £ H - U , then z € H - U for every m > n, so that 
n m — 

1 - . g n U) = Vl 123 *■ g n+2 Cz) ° •••• 3113 hence 


(24) g(z) > 2 - 

m=n 2 


,n-l 


(z € H - U n ). 


Also, if z £ U then z £ U l> U 2’ *•’ U n+1* so that 


0 = g n (z) = g 9 (z) = ••• = g n ( z ), 311(1 


(25) g(z) < 2 ^ 

m=n+l 2 2 


e «W 


We assert that 


(26) for each x q £ A, g(z) -*■ 0 as z -+ x q 

Take any natural number n. Since x q £, A^ + ^ 

* 

x £ E .or else x 6 FA J(F) for some F 
o n+l o v J 


with z £ S(x , 1, . 

o o 

= UiP n+1 > 6ith6r 

£ ^n+l* In the first 
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case, set n = e(n+l, x ). In the second case, (12) shows that we can 


choose n > 0 so that 

Sir- 


S(x„, n, I 1 ) (F, 6(n+1, F), a,^, B^). 


n+1* n+1 


' 31T-, 


Suppose <x, yy S(x q , 1, -g—) and y < n. Then, in the first case, 
<x, y> £ S(x q , n, §^) £ S(x Q , e(n+l, x Q ), 0 n+] ) £U n+1 , and in the 
second case. 


<x, y> <£ S(x . n, |1) Cb(F, «(n+l, F), a., I .)£«. 


n+1’ n+1 


n+1' 


So, by 


(25), 


3ir, 


(<x, y> £ S(x q , 1, g-) and y < n) 


This proves (26). 


<*, y> € u. 


n+1 


0 5 g(x, y) < — 


Let x q be a point in X and y any arc at x q . Suppose g(z) ■+ 0 

as z -+ along y. Then y has a subarc y’ with one endpoint at x q 

such that y« - {x q } Cg' 1 ((- L., 'I-)). By (24), y» - {x Q > £ U n . 

2 2 * 

Therefore, by (23), x € A . Since n was arbitrary, x £. [ \ A = A. 

' on o 1 , n 

n=l 

Thus, 


(27) if there exists an arc y at x q such that- g(z) ■+ 0 as z 
approaches x q along y, then x^ € A. 

Now define 

f(x, y) = .. gO, y) sin y + i g(x, y) ( <x, y> £ H). 

If x q €. A, then, by (26), f(z) -+ 0 as z •+ x q with z €S(x q , 1, -g— ). 
Thus every point of A is in the set of curvilinear convergence of f. 

Conversely, suppose x q is any point of the set of curvilinear 
convergence of f. Let y be an arc at x q such that f approaches the 
limit c + di along y. Then g approaches the limit d along y. If d 


i 
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is different from zero, then g(x, y) sin ^ (the real part of f) cannot 
approach any limit along y -- a contradiction. Therefore g approaches 
the limit 0 along -y, and, by (27), x q £ A. Therefore A is the set of 
curvilinear convergence of f. Bl 


5. Boundary Functions for Continuous Functions 
Lemma 15. Let E be a metric space, Y a separable metric space. 

i 

Suppose that tp : E -*■ Y is a function having the following property. 

For every open set U <=Y there exists an set L £ E and a countable 

set N ^E such that 

<p _1 (U) uN. 

Then there exists a countable set M QE such that ^p| E ^ is of class 
(F a (E - M)). 

Proof. Let B be a countable base for Y. For each B€©, let LCB) 
be an F^ set and let N(B) ^ E be a countable set such that 

£ L(B) C <p 1 (B) u N(B) 

Let M = U N(B). Then M is countable. Let E = E - M and let 
Be© ° 

= <p | E • We show that «p Q is of class (F (E q )) . 
o 

Let W be any open subset of Y. If p £ W, there exists r > 0 
such that S(r, p) C w. Choose B€JB so that p £ B £ S(i- r, p). Then 
lT£iS(r, p) W. It follows that 

W = U B = VJ B, 

B6dL(W) B £ aCW) 

where (J.(W) = .{B£© : B* ^W}. Therefore 

«p b _1 CW) = e a cp" 1 cw) = e nlj <p _1 CB) 

0 0 0 B£(BCW) 
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£ E n U 

LCB) 

b ec*(w) 


- E o A U 

[cp _1 (B) u N (B) ] 

B £ <2(W) 


C E n U 

[cp^CB) U M] 

B € <ftCWD 


= e n U 

<f" 1 (B) 

° b e (Jew) 


= E o n<p _1 CW) 

= <p _1 CW). 


o 


Consequently tp^CW) = E c n b €^(W) L( - B - ) » so is of class 

Cf o (e o )).B 

Theorem 5. Let Y be a separable metric space and let f : H + Y be a 
continuous function. Suppose that ECX and that cp: E -*■ Y is a 
boundary function for f. Then there exists a countable set M £ E 
such that<p| E M is of class (F^CE - M)). 

I _ 

Proof. Let U be any open subset of Y, and let W = (U)’. Let 

E n = {x £ X : there exists an arc y at x, having one 
endpoint on X , such that y - {x} £f*^(U)> 

K = {x £ X : there exists an arc y at x such that 

Y {x} CfV)}. 

Ob serve that 

n=l n 

and <(p' 1 (W)^K. 

For the time being, let n be a fixed natural number. For each 
x € K we can choose an arc y x at x such that 

y x - WCH^f'^W), 
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Since an arc at x is by definition a simple arc, y x - i- s a 
connected set and hence must be contained within one nonempty component 
of H n f" 1 (W). Let U denote this component (for each x £ K). 

Let T be the set of all points of K that are two-sided limit 
points of F . We claim that if x, y € T, then x + y implies 
U nU = <j>. If U n U then (since U x and U are two components 

x y ^ x y 

of the same set) U and U are equal. Let p be the endpoint of y x 

x y 

lying in U and let q be the endpoint of y lying in U = U^. We can 
join p and q by an arc y tying in U x> Putting y x » Y y and Y together, 
we obtain an arc ot with one endpoint at x and the other at y, such 
that a {x, y}CU . According to [12] we can choose a simple arc 
a» c a having one endpoint at x and the other at y. Of course, 
a t _ { Xj y} O U X C A f -1 (W) . Let I be the open interval in X with 

endpoints at x and y, and let J = X - T. Let B be the bounded 

component of H - a’ and let A be the other component. Since X^ is 

unbounded and does not meet a', X^ S A. 

Because x is a two-sided limit point of E^, we can choose a 

point w £ I n E n> Let 3 be an arc at w, having one endpoint on X^, 

such that 0 {w} £ f _1 (U). Then 0 does not meet a' (because 

a' - {x, y} £f _1 (W) and f" 1 (W) n f _1 (U) = <j>), and therefore (since 

g. - £w) contains a point of *=. A) 0 - {w} c a. It follows that 

w € A. This, however, is a contradiction, because the frontier of A 

(relative to the finite plane) is a' u J. We conclude that, for x,y € T, 

x ^ y implies U v A U = <£. 

x y 

An open set in the plane has only countably many components, 
so it follows that T must be countable. Let S be the set of all 
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points of E n that are.not two-sided limit.points of E n « We know that 
S is.countable, so 


UE n = [K n (E - S) ] U [K n S] 
= T u [K n.S] 


is countable. 


°° . “ . 

Let N = K r\ \^J E” = (K r\ E* ). Then N is countable, and, 
. n=l n=l 

since K, 

00 CO 

V _1 (U) ^ E E n ^.E r\{J E n 


n=l 


n=l 


CO CO 

= (E n K r\[J E ) U ((E - K) H |^/ E ) 
n=l n=l 


^ (E n N) U (E - K) c (E A N) U (E - qf^W)) 

= (E A N) V <p" 1 (U). 

L 

CO 

Thus tp ^(U) Q E A E C(E n N) u <p *(U), and the desired result 

n=l 

follows from Lemma 15. ■ 


Corollary. Let Y be either the Riemann sphere, the real line, or a 
finite-dimensional Euclidean space. If f : H + Y is a continuous 
function, if E Q X, and if q>: E -*• Y is a boundary function for f, 
then (p is of honorary Baire class 2 (E, Y). 

Next we show that the foregoing corollary is as strong as 
possible in the sense that if E is any subset of X and <p is a function 
of honorary Baire class 2 mapping E into a suitable space, then there 
exists a continuous function in H having «f> as a boundary function. A 
proof of this result at least for real- or vector-valued functions 
was outlined by Bagemihl and Piranian [2, Theorem 8], in the case 
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where E = X. Although the construction given here is carried out much 
more explicitly than the construction given by Bagemihl and Piranian, 
my treatment differs from theirs in only two aspects that are of any 
significance. First of all, the proof of the theorem for arbitrary 
subsets E of X depends on Lemma 6 of the Introduction. Secondly, 
Bagemihl and Piranian say in the last line of their proof that there 
is "no difficulty now in extending f continuously to the whole of D 
in such a manner that <f> is a boundary function for f." While this 
appears to be all right for real- or vector-valued functions, it is 
not clear why the extension should be so easy for functions taking 
values on the Riemann sphere. Theorem 7 of the present paper shows, 
however, that the result can be obtained for functions taking values 
on the sphere once it is known for vector-valued functions. 

The following miniature closed graph theorem will be a 
convenience. 


Lemma 16. Suppose that M is a metric space and that u : M + R is a 

function having the following properties: 

(i) if {p n > is a convergent sequence of points of M, then 

(u(P n )} converges neither to + <» nor to - ®; 

(ii) if {p } C m, p 6 M, and y € R, and if p p and 
n n n 

u(p_) ■+ y, then u(p) = y. 
n n 

Then u is continuous. 


Proof. Suppose that {p n > is a sequence of points in M converging to 
a point p € M. Using (i) it is easy to show that {u(p n )> is a bounded 
sequence. Suppose that {u(p n )> does not converge to u(p). Then there 
exists a subsequence {u(p that converges to a real number 

y uCp). This, however, contradicts (ii). We conclude that 
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Lemma 17. Let h : R + R be a strictly increasing function such that 

h(R) is neither bounded above nor bounded below. Then there exists a 

* * 

continuous weakly increasing function h : R -»■ R such that h (h(x)) = x 
for every x£R, 

Proof. Let Z = h(R). Observe that h~* : Z -*■ R is strictly increasing. 

For any x £ R, the set (-“, x] n Z is nonempty. Also, h - ' 1 '((- c °> x] n Z) 

is bounded above, because if we choose y£ Z with x ^ y, then 
_1 

h ((-”, x] r\ Z) is bounded above by h (y) • 

We claim that for every x £ R 

-1 -1 

(27) sup h ((-co, x] n Z) = sup h ((-“, x) n Z). 

If x £ Z, the equation is trivial. Suppose x 6 Z. Then 

y < h" 1 (x) (h(y) < x and h(y) € Z), 

so that h((-«>, h -1 (x))) c: (-« t x) n Z. Hence 
(-«,, h~ 1 (x))Ch" 1 ((-oc, X ) n Z), 

so that sup h~^((-oo, x) n Z) :^h~*(x) = sup h - * ((-°°, x] n Z). The 
opposite inequality is trivial, so (27) is established. 

We also claim that 

(28) inf h~*((x, +») n Z) = sup h"*((-°°, x] o Z). 

Obviously, inf h ((x, +°°) r\ Z) >_ sup h ((-°°, x] n Z). Take any 

y > sup h ^((-“, x] n Z). If h(y) £ x, then h(y) e (-«, x] n Z, and 

so yeh ((-», x] n Z)-- a contradiction. Thus h(y) > x and 

h(y) € (x, +“) rv Z. Therefore y£h"*((x, +») n Z), and so 

inf h X ((x, +°°) n Z) ^y. In view of the choice of y, this implies 
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( 


that 

inf h" 1 ((x, +“) a Z). 1 sup h" 1 ((««>, x] a Z), 

and (28) is established. 

Define 


* -1 
h (x) = sup h ((-°°, x] n Z). 

* * 

It is clear that h is weakly increasing and that h (h(x)) = x for 

* < 
every real x.. The continuity of h can easily be deduced from the 

equations 


sup h ((-«, x)) = h (x) 

inf h*((x, +“)) = h*(x), 


which are established as follows: 


sup h ((--», x)) = sup h _1 ((-«, y] A Z) 

= sup h" 1 ((-“ J x) n Z) 

= sup h“^((-“ J x] a Z) 

. * 

= . h (x) 


inf h ((x, +«)) = 


y>x SUp V] n Z) 

- inf h" 1 ((y, +~) r\ Z) 

= inf h~*((x, +~) n Z) 

= sup h -1 ((-=», x] rv Z) 

= h*(x). ■ 

Theorem 6. Let E be any subset of X and let <p: E + be any 
function of honorary Baire class 2(E, R^). Then there exists a 
ontinuous function f : H -> such that cp is a boundary function for 

f. 
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Proof. Let \|> : E ■+ R 0 ' be a function of Baire class 1(E, p5) and N a 
countable subset of E such that y(x) = iJj(x) for every x €. E - N. Let 
{s n > n " :1 (with n 4 m implying s n 4 s ra ) be a countable dense subset of 
X that includes every integer and every point of N. Let 


Define 



if is an integer 

if s is not an integer. 
i n 


h(x) = Z t. 
0<s n <x 


if x > 0 


h(x) = -2 t if x <0. 

x<s <0 
— n— 

Then h is a strictly increasing function from R into R, and h(R) is 

* 


bounded neither above nor below. 
Lemma 17. 

Suppose that Q < y <1. 

x - (l-y)u 
u - h ( - y 


Let h be the function described in 

Then (for fixed x) 

) - 


is a strictly increasing continuous function of u that approaches 
+oo as u -> +“ and ■“ as u ■». Consequently there exists precisely 
one number u(x, y) that satisfies the equation 


(29) 


* 

u(x, y) - h ( 


x - (l-y)u(x, y) ) 

y 



I claim that u(x, y) is a continuous function on 

= { <x, y> : x, y £ R and Q < y < 1}. Suppose' { <x n , y n » C H 1 
and <x n , y n > +■ <x, y> £ Hy If u(x n , y n ) + +o», then 


x n - yj 


and hence 


n 


U <V y n ) - h ( 


-* »CO ( 

n 


X„- (l-y„)u(x n , y n ) 


n 


n 


n 


) -*■ +«, 
n 


I 
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which.contradicts (29),. Thus u(x n? y ) cannot approach +«.. A similar 
argument shows that u(x n , y^) cannot approach - ro ., Now assume that 


u(x nJ y n ) ■> u q € R. Then, by (29), 


11 TT1 * 

0 = m [u(x , y ) - h ( 

n-*» L v n* v 


x T.(l-y )u(x , y ) 

n •'n-' n ft 


n 


n 




n 


* 


x -.(l-y)u 


= u - h (- 
o 


5 , 


so u q = u(x, y). By Lemma 16, u is continuous. 

00 

From Lemma 6, there exists a sequence {g^} of continuous 
functions mapping X into such that g^x) 4<(x) for each x € E. 
For n > 2, define 


n 


f Q (x, y) = (yn(n+l) - n)g n (u(x, y)) + ((n+1) - yn(n+]))g n+1 (u(x, y)) 


when 


n+1 


< y < —. 


Then f is continuous on H 9 o H. By the Tietze extension theorem, 
o ^ 

we can assume that f is defined and continuous on all of H. Let 

o 


n 


n 


inf 

x>s 


h(x) 


n 


sup 

x<s 


h(x) 


n 


v =<p( s )~’P( s ) if s £ N 

n , n' rv rv J n 

f 

v = 0 if s t N. 

n n T 

If x and y are real numbers, define xVy = max{x, y}. For ^x, y^ £ H 
set 


A n (x, y) = 


[(1 - ny) V 0] [Cl - 


1 


r. * t - 2s_ * 2 -2— 1 ) V O]v. 


r - i ' n n r^n 
n n 


n 


Then A^ is continuous in H. Observe that A n (x, y) = 0 when y . 
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Using this fact, it is:easy to show that, if we set 

00 

f = f + E A 
0 n=l n 

then f is defined and continuous in H. We now show that (p is a 
boundary function for f. 

Let p be any point of -E. The line 

(30) x = (h(p) - p) y + p 

passes through (p, 0), and the part of it that lies in is an arc 
at p. We will show that f approaches ij;(p) along this line. If we 
substitute (h(p) - p)y + p for x in the expression for A (x, y), we 

i 11 

obtain 

(31) A n (x, y) = 

[(1 - ny) V 0] [(I- -—i-r- F n ♦ * n + 2(i - 1) (s - p) 

n n y 

- 2h(p) | ) V O] v n< 

If p < s n , then h(p) <_ S- n , and one can verify directly that (31) 
vanishes. If p > s^, then h(p) >_ r , and again one can verify directly 
that (31) vanishes. Thus A^Cx, y) vanishes along that part of the line 
(30) lying in H. 

Solving (30) for h(p), we find that, along the given line, 

h(p) = flE , 

and hence p = h (h(p)) = h ( , Therefore, if 0 < y < 1, 

p = u(x, y). So, if ^x, y^ satisfies (30), h >_ 2, and £ y £ 
then 

f 0 (x, y) = (yn(n+1) - n)g n (p) + ((n+1) - yn(n+l))g n+1 (p). 
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Since the coefficients of g n (p) and g n+1 Cp!) in the above expression 

add up to 1 and since both coefficients lie in [0, 1], f Q (x, y) lies 

on the line segment joining g n (p) t0 , g n+ ^Cp) » and it follows that 

f Q (x, y) approaches ij>(p) as Y> approaches p along the line (30) 

Since each A vanishes on the part of this line lying in H, f(x, y) 
n 

also approaches iKp) along the line. 

Let be any point of N. We show that f approaches tp (s m ) 


along the part of the line 

(32) 


r. . A 

x = ( E *— - - s jy + s 

2 m ' m 


that lies in H. Again, we first consider the value of A n along the 
given line. Substituting the value of x given by (32) into the expres¬ 


sion for A , we obtain 
n 


(33) A n (x, y) = 

[(l-ny) V 0] [Cl - j-ij- |r n - 2 (i- - 1) (s n - s m )|) V 0] V 

n n 

If s < s , then a < r < l < r , and one can verify directly that 
m n m m t». n n 

(33) vanishes. If s n < s m , then < r n 1 < r m > and again one can 

verify that (33) vanishes. Thus, for n ^ m, ^ n ( x > y) = ° when <x, y^ 
lies on the line (32) and in H. 

If we take n = m in (33), we obtain 


A m (x, y) = [(1 - my) V 0]v m . 

Therefore A m (x, y) approaches v^ = <p(s m ) - iH s m ) along the given line. 

Take any <x, y> € Hj satisfying (32), and take any a and b 
satisfying 

(34) »<’„<»>• 
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r .+ .& 

Then h(a). <_ X < — m 2 — — c r ffl ^ h(b ), so that 

(h(a) - s m )y + s^ <; X < (h(b) - s m )y + s m ’> from which we deduce that 


m ' ' ' nr 

x - (l-y)s 


h(a). < 


m 


< h(b). 


Since h is weakly increasing, 

* * * - Ci^y)s 


a = h (h(a)). <‘h ( 


m. 


-). < h (h(b)) = b. 


Since a and b were taken to be any two numbers satisfying (34), we 
conclude that 

* x - (l-y)s 


m- 


-), 


s = h ( 
m 


whence it follows that u(x, y) = s m . Thus 


f Q (x, y) = (yn(n+l) - iOg^sJ + ((n+1) - y n Cn+l))g n+1 (s jn ) 

1 1 

when (x, y^ lies on the given line and £ y _< —. Consequently 
f Q (x, y) approaches i|j(s m ) along the line (32). So f approaches Ks m ) + 
<p(s ) - ij)(s ) = (p(s ), and the theorem is proved. ■ 


Theorem 7. Let E be any subset of X and let Cp: E -> S be any 

2 

function of honorary Baire class 2(E, S ). Then there exists a 

2 

continuous function f : H •+ S such i that «p is a boundary function for 
f. 


Proof. The proof of this theorem is very similar to that of Theorem 1. 
2 3 

Since S CR , there exists, by Theorem 6, a continuous function 
3 

g : H R having q> as a boundary function. Let 


K = 

g -1 ({v €. R 3 ; 

|v| V 

pH 

r-l |<M 

L = 

g'^Ctv € R 3 : 

M i7 

}) 

F = 

g _1 ( tv € R 3 : 

Mi I 

})• 


I 
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2 

Let g Q = gtjr• H is homeomorphic to R , so by [5, Lemma 2.9,p. 299],- 

g' can be extended to.a continuous function 
o 

g 1 H -*■ {v £ R 3 : | v | = , j) * 

Define f^ : H ■+■ R 3 {0} by setting <■ 

f^z) = gCz) if z € L 

f x (z) = . gi(z) ifz€F. 

Then, since F and L are closed, ^ is continuous on H. It is easy to 

3 2 

verify that <p is a boundary function for f^. Let P Q : R - iO} -»■ S 

be the 0-projection onto S (see page 11), and let f be the composite 

2 

function P q o f . 1 Then f maps H continuously into S , and P 0 ° <p = tp 
is a boundary function for f. M 
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CHAPTER II 


BOUNDARY FUNCTIONS FOR DISCONTINUOUS FUNCTIONS 
6. Boundary Functions fox Baire Functions 


It is not known whether the set of curvilinear convergence 
of a Bore1-measurable function defined in H is necessarily a Borel 
set. The answer is not known even fpr functions of Baire class 1. 
However, a theorem on boundary function^ that is similar to the 
corresponding result for continuous functions in H can be proved for 
functions of Baire class 1 in H. 


Definition. If A and B are two sets, we will call A and B equivalent 
and write A = B if and only if A - B, and B - A are both countable. 

It is easy to check that K is an eo L uivalence relation. 


Lemma 18. If A = E, then S - A = S - E for any set S. If A n " E n 
for all n in some countable set N, then 


U 

n 6 N 


A 


n 


u 

n £ N 


E 

n 



n e N 


A 


n 



n € N 



The proof of this lemma is routine. 

Definition. An interval of real numbers will be called nondegenerate 
if it contains more than one point. 


Lemma 19. Any union of nondegenerate intervals is equivalent to an 
open set. 


57 
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Proof. Let^.be any family of nondegenerate intervals. It will 

U.-U. I is countable. We can write 
i€^ ie<$t 


suffice to prove that 


U 1 * -V* 

where {J } is a countable family of disjoint open intervals. If 


x £ I - I*, 

0 i«3> iei 

I 

then x is an endpoint of I for some I € *S\ For some n, I G J , 
o c o o on 

so that x € J . But x i J , so x is an endpoint of J . Thus 
on o^n’o r n 

V J I - l J I is contained in the set of all endpoints of the 

i si 

various J and the lemma is proved. B 


Lemma 20. Let h be a weakly increasing real-valued function on a 
nonempty set E Cr, Suppose that |x - h(x) | 1 for every x € E. 

Then h can be extended to a weakly increasing real-valued function h^ 
on R. 

Proof. Let e = inf E (e may be -»). For each x £ (e, +“), set 

hjCx) = sup h((-<», x] n E). 

Since jt - h(t) | 1 for each t € E, 

t €=(-“y x] n E h Ct) ^ x + 1, 

so h^ is finite-valued. If e = -» we are done. If e > then 
x £ E implies h(x)>__x-l>_e-l, so h is bounded below. For 
x £ (-», e] set 

h^(x) = inf h(E). 

It is easy to verify that h.^ has the required properties. ■ 
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Lemma 21. Let Y be a metric space, f : R -»■ Y a function of Baire class 

ICR, Y), and suppose that h : R -*■ R is weakly increasing. Then there 

exists a countable set N Cr such that the composite function 

f o h| is of Baire class ?(R - N, Y). 

K-In 

Proof. Let N be the set of discontinuities of h. By a well-known 
theorem, N must be countable. But then h| R N is continuous, so that 
f 0 (h| R _ N ) = (f • h)| R _ N is of Baire class ?(R - N, Y).B 


Lemma 22. Let Y be a separable arcwise connected metric space, E any 
metric space, and let <p: E -> Y be a function having the following 
property. For every open set U ^ Y there exists a set T € P^(E) such 
that <p -1 (U) Ct Then, if ? >_2, <p is of Baire class ?(E, Y). 

Proof. The proof is similar to that of Lemma 15. Let (B be a countable 
base for Y, and suppose that W is any open subset of Y. Let 


<S(W) = (U €© : U Q W}. 


The argument in the proof of Lemma 15 shows that 

w = u = u. 

U€<$(W) U€<3(W) 

For each U£(8, let T(U) €= P^ +1 (E) be chosen so that 
tp^CU) C T(U)^<p' 1 (U). Then 

<f> _1 CW) = t (u) 

u € <$(W) T U£$CW) 


- U v' 1 ®- 

u^acw) 


-i 


(W). 


Thus Ip (W) 


= l,_ ) T(U), and since P^ + *(E) is closed under countable 


uedcw) 


unions, (p^CW) £ P^ + ^(E). Therefore <p is of Baire class S(E, Y). 
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Theorem 8 . Let Y be a separable arcwise connected metric space, 
f : H V Y a function of Baire class g(H, Y) where 5 > 1, E a subset of 
X, and (p: E -> Y a boundary function for f. Then vp is of Baire class 
5 + HE, Y) . 

Proof. Let U be any open subset of Y and let V = Y - U. Set 

A = < p" 1 (U) B = .cp - 1 (V) 

C = A U B. 

Observe that A A B = tji. For each x € C, choose an arc y v at x such 

A 

that 

lim 

z^-x f(z) = cp(x) 

Y x ^ {z : I* - x|. < 1} 

Y x if X € A 

y {x> C f _ 1 (V) if x € B. 

A 

Notice that if x G A and ygB, then y n y = <}>• 

A / 

We will say that y„ meets y in H provided that y and y 
3 x y n a x 

have subarcs y ' and y ' respectively such that x e y v ' <= 

x y a ii 

y H n , and y x * A Y y ’ + Let 

L =' {x 6 A : (VnD(By) (y €. C, y 4 x, and Yy meets y x in TP)} 

Ljj ='{x£B ; (Vn)C3y) (y € C, y x, and Yy meets y x in tP)} 

M = {x 6 A : C3n)Cy v meets no y (with y =j= x) in H_)} 

= {x € B ; C3 n )CY x meets no y (with y x) in H r ) }. 

L = L a UL b 
M = U ^. 
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Observe that L & , 1^, M &f are pairwise disjoint, and that 
A = L a U and B = u . 

For each x £ M, let n(x) be a positive integer such that y x 

meets no y y (with y ^ x) in \(x)' 111611 n - n ^ x ^ implies that y x 

meets no y in H . Let 
■y n 

K = fx £ C : Y meets X , and, i£ x € M, n > n(x)>. 
n x n — 

00 

Then K Q K . for each n, and C = l J K . 
n n+1 n 

We next show that for each positive integer n and each x € L a 

there exists a nondegenerate closed interval 1^ such that 

x £ I n C L u (X - K ). By the definition of L , there exists 

y € C (y ^ x) such that y y meets y^ in H n . Let f£ be the closed 

interval having its endpoints at x and y. Let t be any point of 1^. 

We must prove that t £ L & U (X - K^). If t we are done. So 

assume t £ K n> Then y t meets X R , and hence it is clear from Figure 5 

that v. must meet either y or y in fT . (This argument can be 
‘t 1 x y n 

rigorized by means of Theorem 11.8 on p. 119 in [11].) But, if t € M, 
then (because t £ K ) n >_ n(t) , so that this situation/ is impossible. 
Therefore t t M. Now x £ L Q A, so, since y intersects y , y ^ B - 

cL jk y 

Hence y £ C - B = A. Similarly, since y t intersects y^ or y , 

t £ C - B = A. Thus t £ A - M = L , and we have shown that 

a 

I n £ L U (X - KJ . 
x a n' 

Let W = l J I n . For each n, 

? X £ L X 
a 

L C W A C £ [L u (X - K )] A C, 
a n a n 

and therefore 
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I 


L a 6 C 0 V A C 

n= 1 


{fi [L u (X - K n )]> n c 
n=l 


w 

= [l u cx -U n] a c 

a n^l n 


- a a AC)U(C-U K n ) - ,L a „ 


= L . 


n=l 


W 

It follows that L = ((~\ W ) n C. By Lemma 19, each W n is equivalent 

n=l . 

to an open set, so there exists a set G & GX such that 

I 

L - G nC, 
a a 

*•*• 

A similar argument shows that there exists a set — X such that 


L b “ % A C ‘ 

Next we study the properties of M . In doing this, it is 

cl 

2 

convenient to define a function tt : R -*■ R by setting tt(x, y) = x. 

If x € M aK , then, starting at x and proceeding along y , let. p (x) 
n x xi 

be the first point of X that is reached. Define h° : M a K R 
r n n n 

by setting h°(x) = irCp^Cx)). If x, x' € M A and x < x', then, since 

v cannot meet y 1 in H , it is evident that p (x) must lie to the 
'x x n mi 

left of p n (x'); that is, Tr(p n (x)) < tt CP n )) • Thus h° is a strictly 
increasing function on M A K^. Moreover, • 

|x - h°(x) I 1 - 1 because y x C {z : |z - x| <_ 1}. 

So, by Lemma 20, h° can be extended to a weakly increasing function 

h : X -*■ R. Let 
n 

.^00 = fCh n Cx),i) O 6 R ) • 
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f(x, i-) is a function (of x) of Baire class £(X, Y), so, by Lemma 21, 

there exists a countable set N X such that g | Y M is of Baire class 

n • n a-Ix 

— n 

N n . Then g n f M _ N is of Baire class 

n=l 

5CM-N, Y) . 

For x € M A K n , g^x) = f(h°(x), i) = f(p n (x)). If x €M, then 
for all sufficiently large n, x€MAK n , so — - 


lim 

n-*=° 


g n C*) 


lim 

n-*» 


£Cp n Cx3) 


if (x). 


SnU l fl M ' 50 *Jm-N t VW hence fl M . N is Baire class 

r+2 

1 £ + 1(M - N, Y). It follows that there exists D6P (X) such that 

A n(M - N) = (<pl M _iP" 1(l1 ) = D n(M - N). 

Obviously A n M - DAM. Now, 


L = L a U 1^ = (G a A C) U (C^A C) = (G a »JG b )nC, 
so 

t 

M = A n M - D a M = D A (C - L) 
a 

“ ' D a [C - C(G a U GJ A 0] 

= -D a [x - (G a u G b )l a c. 

G & and G^ are G^ , so X - (G & u G^} is , and hence 

X - (G a u G^ £ P 2 (X) C P ?+2 (X) . 

Therefore M -FAC, where F €. P ?+2 (X). Now, G o £ G.(X) = Q 2 (X), and 

cl 3-0 

since £ > 1, Q 2 (X) £ p 5+2 CX), so G u F £ P C+2 (X). But 

A = L a u M a « (G a A C) U (F A C) = (G a uF)AC, 

so A - S a C, where S € P^ +2 (X). Since every countable set is F , it 

o 

is now easy to show that 
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A = T r\ C 

for some T £ P^ +2 (X). From the definition of C it follows that 
T S X - B. Thus we have 

ip _1 CU) = ACTnEQE - B = E - <p -1 (V) = • 

T nE£ P^ 2 (E), so Lemma 22 shows tfyat 4> is of Baire class 5 + 1(E, Y),B 

Corollary. Let Y he a separable arcwise-connected metric space, 
f : H -*• Y a Borel-measurable function, E a subset of X, and *p : E -s- Y 
a boundary function for f. Then vp is Borel-measurable. 

Proof, f is of some Baire class £(H, Y), hence (p is of Baire class 
£ + 1(E, Y), hence (p is Borel-measurable. ■ 

This corollary raises the question of whether a boundary 
function for a Lebesgue-measurable function is necessarily Lebesgue- 
measurable, which we answer in the next section. 

7. Boundary Functions for Lebesgue-Measurable Functions 

I 

Suppose that a Q , b Q , a 1 , b 1 are extended real numbers, and 

that a < b , a, < b,, To make the formalism more convenient we let 
0—0 1 — I 

£ -00) - £ -co )=0 and (+°0 - (+ 00 ) = 0* In other respects we adhere to 
the usual conventions regarding arithmetic operations that involve 
-co or +00. Let 

T(a Q , b Q ; a 1 , bj) = { <x, y> : 0 £ y < 1 and 

(a x - a o )y + a Q < x < - b Q )y + b Q }. 

A set of this form will be called a closed trapezoid . We also 
consider $ to be a closed trapezoid. A set S will be called a 
trapezoid if there exists a closed trapezoid T such that T^ S S ST, 
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where T 1 denotes the interior of T relative to T^. Every trapezoid is 
Lebesgue-measurable, though not necessarily Borel-measurable. 

If s, s’ are disjoint line segments having endpoints ^a Q , 0^ , 
<a x> 1> , and <a Q ', 0> , <aj', 1> respectively, where a^ a^' 

(i = 0, 1), then let 

T(s, s') = T(s', s) = T(a o , iao »; a^ a^). 

If s = s', then we let_T(s, s') = T(s', s) = s. In what follows we 
will use the symbol X Q as an alternative designation for the x-axis 
X. This will enable us to make statements about X^ (i = 0, 1) (where 
X^ denotes, as before, { (x, 1^ : x£ R}). 

We omit the proofs of the following two routine lemmas. 

Lemma 23. Let theline segments s^, s 2 , s^, s^ each have one endpoint 
on X Q and the other on X^, and assume that i 4 j implies that either 
s^^ o 5^ = cf> or s i = s... If T(s^, s 2 ) n T(s 3 , s 4 ) =j= <j>, then 

TCs^ s 3 ) Q T^, s 2 ) u T(s 3 , s 4 ). 

Lemma 24. Let & be any set of line segments, each of which has one 

endpoint on X q and the other on X^, and no two of which intersect. 

Then U. T(s, s') is a trapezoid. 

s,s'€^ 2 

Let m denote two-dimensional Lebesgue measure in R . If E 

2 l 

is a measurable subset of some line in R , let m (E) denote the linear 

- 0 . 

Lebesgue measure of E. Let m and m denote two-dimensional exterior 

measure and linear exterior measure, respectively; i.e., for any 
E c r 2 ; 

m (E) = inf im(U) : E £U and U is open); 

6 


i 
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and if E is a subset of a line L, then 

m A (E) = inf (m^CU) : ESU^L and U is open relative to L>. 

Theorem 9. Let «C be any set of line segments, each of which has one 
endpoint on X q and the other on and no two of which intersect. 

Let S = . Then 

i 

m Oj = \ (mA(S n XJ + m£(S H X )) . 

G 4 G O C 1 

Proof." We may assume that «C is nonempty. Let e be any positive 

2 

number. Choose an open set U S R such that S <= U and 
m(U).'^ m (S) + e. 

V 

Let E. = S n X. (i = 0, 1). Choose sets G. Q X. that are open relative 

X 1 x J. 

to such that E^ Q. and 

m^(G.) <_ m^(E.) + e (i = 0, 1). 

1 G 1 

2 

Let V be the union of all lines L ?=R such that L meets both G q and 
G-p It is easy to show that V is an open set. Furthermore, S £V 

and V n X. = G. (i = 0, 1]. Now let W = U n V. Then 

W is open, S € W SU, and 

1 E i 9 w n x. c G i (i = o , 1) . 

If s, s'€ <C , define s = s' if and only if T(s, s ( ) - W. 

It is easy to verify by means of Lemma 23 that = is an equivalence 
relation. Let T be the set of all equivalence classes. We prove that 
r is countable. 

If s € £ , we let ^a^s), i} be the endpoint of s on ^ 

(i = 0, 1). Then 

s = ' { (x, y> £ R 2 : 0 _< y £ 1 and x = (a^s) - a Q (s))y + a Q Cs)>. 
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Since s is compact and contained in W, there is no difficulty in 
showing that there exists d. g •> 0 such that 

{ <x, y> £ R 2 ; 0 : ± y ± 1 and 

(a 1 Cs) - a Q (c))y + a Q (s) - d g . * x < (a^s) - a Q (s))y + a Q (s) + 6 $ } 

C W. 

Let J. (s) = (a.(s) - & , a. (s) + d ) (i = 0, 1) . A sketch will 
rapidly convince the reader that if s, s' € £ , J o (s) n J q (s’) 4 <f>, 
and J x Cs) n J^s') 4 'h then T(s, s') W, so that s = s’. Thus 

(J Q (s) x J^s)) n CJ 0 (s') x JjCs')) 4 <l> =$■ s - s 1 . 

For each C € r, choose s(C) € C and let 

Q(C) = J 0 Cs(C)) x J^sCC)). 

Then C 1 4 C 2 QCC 1 ) n Q(C 2 ) = ^• Since each QCC) is a nonempty 
? 

open subset of R , this implies that T is countable. 

If C € r, let 

TCC) = LJ T(s, s'), 
s, s' £C 

By Lemma 24, TCC) is a trapezoid. Also, 

(35) cCt(C)£w. 

SuppOjSe that C^, C 2 £ T and 4 ^ 2 » We claim that 
T(C^) H T(C 2 ) = <j>. Assume that T(C 1 )nT(C 2 ) 4 <!>• Then there exist 
s^, s 1 * e C 1 and s 2 , s 2 ' £ C 2 such that T(s 1 , s.^) D T(s 2 , s 2 ') 4 <f> 
By Lemma 22., 

T( S]L , s 2 ) C T( Sl , S]l ') u TCs 2 , s 2 ') C W, 
so that s^ 2 s 2 ; a contradiction. Therefore T(C^) A T(C 2 ) = <J>. 
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Let T-CC) * T(C) a X ± (i = 9> 1). Then K^C) is an interval 
and 

(36) E. ?\J LCQCWnX.CG. (i = 0, 1). 

1 C€T 

Furthermore, =j= C 2 implies that K^CC^) A = Using the 

formula for the area of a trapezoid, we find that 

' i'[m A ( U K (O) + im^C U K iCCD0] 

d cgt cer 

= l i (m A (K (O) + m*(K (C))) 

C€T 

= 2 m(T(C)) = T(C)). 

c^r cgr 

Let a = y [«*C U K n CO) + ^(U ^CC))] 

1 c € r C€r 

= hicL/tCC)). 

c^ r 

According to (35), S Q \ ) T(C) Q W £ U, so that 

c e r 

(37) m (S) < a < m(U). _< m (S) + e. 

By (36), 

(38) j ( m g(E q ) + ^(E^) < a < y ( m ^(G Q ) + Ag^) 

<I(m^(E o ) + m^( E i)) + e. 

Since e is arbitrary, inequalities (37) and (38) imply that 
m e [S) = \ (»*(E 0 ) * u^)). U 

One wonders to what extent a result resembling the foregoing 
theorem might be obtainable without the hypothesis that no two of the 
line segments intersect. The - following example is relevant to this 
question. Let be a residual set of measure zero iniX Q and let 
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be a residual set of measure.zero in. X^. Let {x o , y Q V b e -3ny point 
of . We claim that there is.a line segment passing through <V y o'> 
that has one endpoint in M q and the other in M^. For 0 € (0, tr), let 

F^e) = <(1 - y Q ) ctn 0 + x q , 1> and 

F 0 C6) = <x Q - y 0 ctn 6, 0>. 

Then is a homeomorphism of (0, it] onto X^, so F q (M q ) and F^ (M^) 
are both,residual sets in (0 , tt) . Choose a£ F" 1 ^) nF^CM^. Let 
L be the line whose equation is 


x = x Q + (y - y Q ) ctn a. 

Then L passes through the points (x q , y, F q (c0 and F-^oO , so that 

L ^ H^ is the desired line segment. Let . - - be the set of all line 

segments having one endpoint in M q and the other in . Let S -Ur. 

Then S A X and S n X. both have measure zero, but, as we have just 
o 1 . 

shown, £ S, so that S has infinite measure. See Problem 5 at the 
end of this paper. 


Lemma 25. For every e > 0 there exists a strictly increasing real¬ 
valued function h on R such that h(R) has measure zero, and, for every 


real x, | x - h(x) |. <_ e. 


|t~|. 

Proof. For each integer n, let I = [ns, (n + l).e], Then xl I R = R. 

11 n^« 


There exists a strictly increasing function f : [0, 1] ->■ [0,1] such 

that m^(fC[0,1]))= 0. For example, such a function may be defined 

as follows. Any number in [0, 1) may be written in tne form 

•§.a 0 a,...a ... (binary decimal], 

12 3 n 


where the decimal does not end in an infinite unbroken string of l’s. 

i 
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Set 

f (•a 1 a 2 a 3> . .a^...) - •bjb^bj.. ,b n ... C ternary decimal) , 

where b. = 0 if a. =0 and b. = 2 if a. =1. 

i i i i t 

Set f(l) = 1, Then f maps [0, .1] into the Cantor ternary set, so 
£ 

m (f([0, 1])) = 0. It is easily shown that f is strictly increasing. 

For each n, it is easy to obtain from f a function f : I ■+ I 
' ' n n n 

£ 

such that f is strictly increasing and m (f n (I n )) = 0. Set 
h(x) = f^Cx) for x £ (ne, Cn + l)e]. 

There is no difficulty in proving that h has the required properties.B 
Theorem 10. There exists an indexed family {y } - Y of simple arcs 

X X C A 

such that 

(i) for each x 6 X, y‘ is an arc at x 

X 

(ii) x 4 Y =^Y X ny y = <j> 

(iii) V J y is a set of measure zero, 

x € X X 

Proof. For each natural mumber n, let h^ : R -*■ R be a strictly 
increasing function such that h^CR) has measure zero and, for every x, 
jx - h n (x) | ± For every x 6 R, let s n (x) be the line segment 
joining the point ^h n (x), to the point ^h n+ ^(xj, Since 

W < V x 2 5 => X I « < WV' 

we see that x^ x^ implies s n C x ^3 n s n^ x 2^ = ^ * Let 
S n = \jLs n ix) : xe R}. Then 

S n ^X n C(<x, I> : x€h n CR)} 

^ S n " X n.l ^ 5Tl) : x € W R)} * 

0 0 

so m'(S n X ) = m (S r\ X = 0. IJt is easy to deduce from 
n n n n+1 
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i 

Theorem 9 that 


W - ■ ( 5- - ST > 1 ^ S n V * "e^n " W> = °- 

00 . 

For x £ X, let y =' ix} U s (x). Since \h n (x), -* x, y x 

x n=l n 


is 


an arc at x. 


m 


00 

( l J Y ) < m (X) + m flj S r*i^ 
! xVx x " 6 6 hrf n 


<_m e (X) + l m e (S n ) = 0, 

n=l 

so u Y is a set of measure zero. B 
xfcX X 

Corollary. Let cp be an arbitrary function mapping X into any topologi¬ 
cal space Y having an element called 0. Then there exists a function 
f : H ->■ Y such that f Cz] = 0 almost everywhere and vp is a boundary 
function for f. > 


Proof. If (y ) y'I s the family of arcs described in Theorem 10, let 

X X C A 

f(z) =0 if z is in no y y 

f(z) = <f(x) if z €Y X - 

Then f is the desired function.* 

Corollary. There exists a real-valued Lebesgue-measurable function f 
defined in H having a nonmeasurable boundary function defined on X. 
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SOME UNSOLVED PROBLEMS 


1. If A is an arbitrary set of type F a.S. in X, does there necessarily 

exist a real-valued continuous function f defined in H having A as 
its set of curvilinear convergence? If tp is an arbitrary real-valued 
function of honorary Baire class 2 on A does there exist a continuous 
real-valued function f defined in H having A as its set of curvilinear 
convergence and vp as a boundary function? - 

2. (First proposed by J. E. McMillan [10]). If A is any set of type 

2 

F ag in X and if ip is any function of honorary Baire class 2(A, S ), 

2 

does there necessarily exist a continuous function f : H S having 
A as its set of curvilinear convergence and tp as a boundary function? 

3. If f is a real-valued Borel-measurable function defined in H, is 
the set of curvilinear convergence of f necessarily a Borel set? What 
if f is assumed to be of Baire class 1? 

4. Let S = {^x, y, z) g R : Z > 0}. If f is a function defined 

in S, we define the set of curvilinear convergence of f in the obvious 

way. If f is continuous, is its set of curvilinear convergence 

necessarily a Borel set? Is it necessarily of type F ? 

o o 

5. Let «£ be a set of line segments each having one endpoint on X q 

and the other on X^, and let S . Assume that S is a Borel set. 

Hi 

If m (S r\ X Q ) and m (S n Xj) are known, what lower bound can be given 

73 
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for m[S) ? . A solution to this problem might be helpful in attacking 
problem of Bagemihlj Piranian, and Young.[3, Problem!]. 
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